We discuss the Hamiltonian formulation of the Schwinger proper-time method of calculating Green functions in gauge theories. Instead of calculating Feynman diagrams, we solve the corresponding Dyson-Schwinger equations. We express the solutions in terms of vertex operators, which consist of the zero modes of the vertex operators appearing in string theories. We show how color decomposition arises in this formalism at tree level. At the one-loop level, we arrive at expressions similar to those obtained in the background gauge. In both cases, no special gauge-fixing procedure is needed. *
Dyson-Schwinger equation exponentiates, which explains why it is possible to express it in terms of a one-dimensional path integral. We shall discuss this exponentiation in the Hamiltonian formalism in order to generalize it later. For definiteness, consider a scalar field φ coupled to an external gauge field A µ = A µa T a , where T a are the generators of the algebra of the gauge group. The classical equation of motion for φ is (i∂ µ + gA µ (x)) 2 φ(x) = 0 .
In quantum field theory, the propagator ∆ AB (x, x ′ ) = φ A (x)φ B (x ′ ) satisfies the corresponding Dyson-Schwinger equation,
where we have suppressed group theory indices. In order to simplify the notation, we shall consider the abelian case first. We may solve Eq. (2) with the aid of the Schwinger proper time τ as follows. Define operators x µ and p µ satisfying the standard commutation relations,
Let them describe a system whose evolution is governed by the Hamiltonian
If |q and |q ′ are eigenstates of the momentum operator, p µ , the function
which is a matrix element of the evolution operator, U(τ ) = e −iHτ , satisfies the equation,
where x µ = −i∂/∂q µ . Integrating over the proper time τ , and using the orthogonality of momentum eigenfunctions, q|q ′ = (2π) 4 δ 4 (q + q ′ ) (treating both momenta as outgoing), we
Comparison with Eq. (2) shows that i 
we can write the evolution operator in terms of time-ordered products as
where time evolution is now governed by H 0 . Thus, x µ (t) and p µ (t) satisfy the Ehrenfest
µ , dp
The solution to these equations is
wherex µ andp µ are the position and momentum operators, respectively, at time t = 0. We can therefore write
where the state |q; t satisfies the Schrödinger equation, i∂ t |q; t = H 0 |q; t . It is clear from Eq. (12) that U(q, q ′ ; τ ) can be expressed as a quantum mechanical path integral, with appropriate boundary conditions at times t = 0 and t = τ . This is possible because the terms involving the interaction Hamiltonian, H I , have neatly exponentiated. We wish to generalize this to the case where such an exponentiation is not possible, so we shall use the operator formalism to calculate the various matrix elements in Eq. (12). By expressing x µ (t) in terms of x µ (τ ) and x µ (0),
we can write H I in terms of operators V k (0) and V k (τ ), where the vertex operator V k (t) is defined by
This operator consists of the zero modes of the tachyonic vertex operator in string theory. Matrix elements containing insertions of this operator can be calculated by using the commutation relations
and the properties
We have now assembled all the tools which are necessary for the calculation of U(q, q ′ ; τ ). By expanding in the coupling constant,
we obtain
whose integral over τ is the propagator for a scalar, 1/q 2 . To first order in the coupling constant, we have
The projection of this functional onto a plane wave,
After some straightforward algebra, we obtain
Upon integrating over t and τ , we recover the standard expression,
. This can easily be obtained by amputating the two scalar legs (which amounts to multiplying by q 2 q ′2 ), and integrating by parts twice.
To second order in the coupling constant, we have
Projecting onto plane waves, we obtain the evolution function
After some straightforward manipulations, we can bring this into the form
which can be shown to agree with the expression obtained from Feynman diagrams. To obtain the one-loop scalar contribution to the self-energy of gauge bosons, we need to sew the two scalar legs together, after amputating one of them. We therefore need to calculate the quantity
To calculate U
µν (k 1 , k 2 ; τ ), first we integrate by parts (using
where we discarded a total derivative with respect to τ , and omitted a δ-function imposing conservation of momentum ((2π)
It is now easy to integrate over the momentum by completing the square in the exponent. The result is
By integrating the first term by parts, we can write U
µν (k 1 , k 2 ; τ ) in a manifestly gauge invariant form,
Next, we consider the case of a fermion, ψ, for which the propagator in momentum space, ∆(q, q ′ ) satisfies the Dyson-Schwinger equation
where x µ = −i∂/∂q µ . We can express ∆(q, q ′ ) in terms of ∆ ′ (q, q ′ ), where
Then ∆ ′ (q, q ′ ) satisfies the equation
To calculate ∆ ′ (q, q ′ ), we may follow the same procedure as before, except that now the interaction Hamiltonian is simpler,
Notice that we did not have to use the second-order formalism for fermions, which would amount to introducing the propagator ∆ ′′ (q, q ′ ), defined by
instead of ∆ ′ (q, q ′ ) (Eq. (30)). The latter leads to more elegant expressions, but the interaction Hamiltonian is more complicated. As a result, our computations will be simpler than those in the path integral approach for fermions [7] . Of course, the final expressions in the two approaches agree with each other.
The nth-order contribution to the evolution function U(q, q ′ ; τ ) can be written as a timeordered matrix element, as before,
To give an example of an explicit calculation, consider the one-loop fermion contribution to the self-energy of gauge bosons,
where (cf. Eq.(23))
Manipulating this expression as in the scalar case, we obtain
which is in a manifestly gauge-invariant form without any further manipulations.
Next, we turn to the calculation of amplitudes involving dynamical gauge bosons. In order to calculate amplitudes, we need to fix the gauge. We shall choose the Lorentz-Feynman gauge, in which
and the propagator for the gauge field is
First, consider the gauge coupling of a scalar field. Let
be the three-point function, with the two scalar legs attached. To lowest order in the coupling constant, it satisfies the Dyson-Schwinger equation (in matrix notation)
where x µ = −i∂/∂q µ and ∆(q, q ′ ) is the scalar propagator, corresponding to the evolution function U (0) (q, q ′ ; τ ) (Eq. (18)). Eq. (41) may be solved by introducing the Schwinger proper time. To use previous results, notice that U (1) µ (q, q ′ , k; τ ) (Eq. (19)) obeys the equation
which is a consequence of Eq. (6) . It follows that
Therefore, the three-point correlation function corresponds to the first-order evolution function,
, even if the gauge boson is a dynamical field. This simple correspondence extends to higher orders in the abelian case (as may be seen recursively, by using the appropriate Dyson-
, but fails for non-abelian groups, because of the gauge boson self-coupling. Yet, higher-order non-abelian diagrams can still be described by
proper-time integrals. We shall demonstrate this in the case of a pure Yang-Mills theory. It will then be clear how one can extend the formalism to include matter fields.
Classically, the gauge field satisfies the non-abelian Maxwell equation, which is conveniently written in matrix form in the Lorentz-Feynman gauge,
To write down the Dyson-Schwinger equation for the three-point coupling,
we need to attach the leg with momentum k 1 . The function
satisfies the equation
where x µ = −i∂/∂k µ 1 , and δ ab η µν ∆ is the propagator for the gauge field (Eq. (39)). The dots denote a term which is obtained from the first one by a permutation of the two amputated legs (color decomposition [2] ). It can easily be seen that the solution to this equation can be written in the form
where A * is the color-ordered partial amplitude,
and
Manipulating this expression as before, we recover the standard expression,
Similarly, the four-point amplitude with one leg attached satisfies the equation
The various terms are conveniently organized by color ordering. The result is
where
It is interesting to note that the last term on the right-hand side corresponds to the Feynman rule for the four-point gauge coupling obtained by string theoretical techniques [6] . This is obtained in our formalism without any special gauge fixing procedure.
The solution to Eq. (53) can be written in terms of partial amplitudes (cf. Eq. (49)) which are integrals over proper time τ , of
multiplied by the appropriate generators of the gauge group, where H (1) µνρ (k; t) is given by Eq. (50), and is the interaction Hamiltonian corresponding to the ghosts. After performing the operator algebra and integrating over the momentum as in the scalar case, we obtain (cf. Eq. (27))
which can be cast into a manifestly gauge-invariant form by integrating by parts (cf. Eq. (28)).
This expression is similar to the one obtained in the path-integral formalism, if the background gauge is used [7] . However, we arrived at Eq. (62) without any special gauge-fixing procedure.
Matter fields can also be included in this formalism. The Maxwell equation (44) is modified by the addition of a current, which for a scalar field is In conclusion, we presented a method for the calculation of Green functions in non-abelian gauge theories, which is based on the Schwinger proper time formalism [8] , rather than Feynman diagrams. Using Dyson-Schwinger equations, we arrived at expressions which resemble those derived by string theoretical techniques [6] . Similar expressions for one-particle irreducible functions have also been derived by expressing the effective action as a path integral for a single particle moving on a world-line [7] . The method presented here is more generally applicable than the one based on the path integral. It can be applied to tree diagrams as well as loops. Higherorder diagrams can be expressed in terms of lower-order ones. Thus recursively, any diagram can be written in terms of vertex operators which consist of the zero modes of the vertex operators in string theory. At tree level, color decomposition arises without any special gaugefixing procedure. At the one-loop level, we obtained expressions similar to those obtained in the
